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Stability Analysis for Wake Flow Behind a Flat Plate 

 

M. Kahrom, K. Alavie, M. M. Jafariean 
Department of Mechanecal Enginering, Faculty of Engineering, Ferdowsi University of Mashad 

 

Abstract: Neutral stability limits for wake flow behind a flat plate is studied using spectral method. First, Orr-Sommerfeld 
equation was changed to matrix form, covering the whole domain of solution. Next, each term of matrix was expanded using 
Chebyshev expansion series, a series very much equivalent to the Fourier cosine series. A group of functions and conditions are 
applied to start and end points in the mathematical domain of the solution so as to avoid error accomulation at these points. The 
scheme ends with two matrices which result from the Orr-Sommerfeld equation. These matrices are solved, in conjunction, 
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with boundary conditions ending up with a curve of neutral points of stability for an assumed velocity profile. Results are 
compared with other existing numerical methods and experiments, and the accuracy of the method is confirmed. 
 

Keywords: Orr-Sommerfeld, Disturbance, Neutral Stability, Spectral Method, Chebeyshev Series, Shear flow 

53
��6� 

89�1� :1#�4�� � !5 ,;��1�<; ���= >.? @�/1? A�B �

 !-�C !? �$�	 D�� ��7-	 E/# �? 6	F�!!E? �	G H	 A�E��� 	IEC 

J�2K# $�	 D��? LM;�# .�OP !5 Q�R�# S�	 �E-	��? T	�U !-

��-�E��? ��E7-	 !E? ��EV D	�."� 6�WH�"�4� � 	 	IC X�Y�#

��<#�$E�	 D��5 ��K2# ��V !? 	 6�1/? A.��E�45 !E? H�E1-

 !"�" � ��1� $5�Y H	 	IC XZ�- H�"�4� [	�E�Y	 �E; !�%�C �W

 D�5 � 6		� ,E\1-���\"	 8	]1�7; A��5 :4V 6���� � �W

 $�	 $1�W	 .,��<# �W 6	�? ,^�V J� H	 �8�1_��# !? �4? �

	IEC !EZ�- H�E"�4� �E11K; � �`aE# b#	�= $V�4� � ,��?

 D��c��	D��5 $�	 .��%�#�E� �"�-G]�[A�E��O�W � 6�EC �]
[�

�� � S�H	�])[S"G �]�[�....,��? 6	�? ,R�� 6���� H	

 D��c��	 ��VD��5 �-	 .

6��E�� H	 ,ER�� b1�<; !5 �7-G H	 bE1�<; 6	�E? D��E�

 E? A���� ��% !,E# ��E� 	 ��E<; H	 fE1�= ,E��O- � �E�G

 ��<# H	 6�1/? D��C ��H�� ,# ��Ig-�\#	�,R�� 6���� �? A

!? 	IC ����hJ�2K# ,E# ,��? 	 �E445 .6��E�� H	 ,E\�

 LE��; A�E45 �E; !E5 $�	 ,c1U ,�� �,R�� f1�<; ���i#

 j	H�	 A�k�W A���<# H	 ,V�?]l[? m1" 8�C �!!�%�C �5

 $�	 D��]n[.LE/? !? ��V ,�1�<; H�1- !? �4? ]1- 6�O�� D��C

�-	 !�V	��h J� S�	 !i��; �]o�;�'[.

�	 !"��i# bY � !5 ,���1Cp�� b1"� !?+SE�	 �E? ��%�#�E�

 !Ei"�Z# !E5 �E� !E�%�C @1�q; !"��# S�	 � ��	� ���� J�

 h $=�� r��1- 6	�? ,-�#H 6	���h :�5 !? $.; !<c^ $2

 ��7-	 J� S�	��� .� D�� ��7-	 6��1��? � !?�2# 8�i"�Z#

? !"��# S�	 Q�R�# �? !$�	 D�#�1- $�� .

bER�c; �E4-�# �EO�� 6��E�� �E? !/���# � ,c1U J� 6	�?

 � ���<# ...$�	 D�� �5s ,���	]# .t�uE# 6��E= 6��E�� �

 ����<# bR�c;6	�? �2# 8�M��<# 6	��	 �v��.# m;	�# 8��

 6	�EE�	 bEE<# !EEZ�- w	�EEU	 x�EE�- H	 6���EEi# �	�EEi; �EE`	 H	

 ,# D��c��	 8�M��<# � ���� ,"�EY ,Ec1U J� � !E5 6	�E? 

bE5 �E`	 �y�EV !EZ�- :E� � f�E2# v��.# m;	�# !M��<#

 ,E# z�E<�# ,;�ME��<# XZ�- 6� �? x��- X=��7# ��E� .�

�E�- �8�M��<# A�� ���1B� 6	�? �6��= 6���� H	 6��E21? x

,# $"�V� f�2# 8�M��<# � 	 !\M� �	�Ei; � b\� !5 �4W�

 /# $1W�# !? !��; �? ]1- x��- S�	F9�E? �� �A���# 8�^ !? !�

 ,# {�.�-	 y�V !Z�- AG $�� S1��h �� $�� �E? �EC	 � �-��

 ,# ,?�V !? ��� !��; ,c1U J� !? D�C��� S�	 D�W�E2# A	�;

��5 h �!1"�	 x��- � !5H	 t�#��; ,;�M��<# 6�_% �H�# �W H	 |

,# D��c��	 $�� S1��h x��- �`	 �E45 �1E/? $EB� !E71�- � �

,EE# !EE71�- 	 ,EE\�]1% y	�EEV H	 ,�9�EE? �EEW� .� S1EE4k�W

 �E? !ME��<# �,��E��-	 H�E# !E? :��]- x��- !? x�?�# 8�M��<#

 ,E# ��E7-	 $��9�? � ����# �����# ���; 3��	 ���IEh .6	�E?

!M��<# � !E�%�C 	�EB x��- b5 �J� S�	 � �,-�1# x��- � 

$5�E� !EZ�- AG � f�E2# XME��<# � ,;�M��<# XZ�- w	�U	

,# �445 .S��? ,# m1;�; SE�	 $E�]# � !Eq.2# S�����# A	�;

 �1EE/? �	�EEi; �EE`	 A�	� $5�EE2# 	 �EEO�� 6��EE�� �EE? J�

 !E? !Z�- �W !? x�?�# }���- �? ,;�M��<# x��- H	 6��21? ��E� 

��G .$E�]# S1E�W H	 ,E��- ]E1- J� S�	 b\2# S��; D��=

 E? 6	�E? 	 8�ME��<# ��E21? �1E/? �	�i; !5 �$�	 ,;�M��<# !

�E45 ,E# bE1�<; �EO�� 6��E�� !E? $ME/- �}���- A��G $�� .

,# 	 J� S�	 �O�� 6����;�? ~��# � A	�;]��[!�Y�# ��5.

738��9 :;.�&� 

,# @5�Y 89��i# A	�; J�2��	 :� !4#	� >W�5 �� �� �? 

�H m���; ��%�#�� �	 !Z?	 �? 6H	�# 6��-���� � 	 .!P �C	



��� ������	
����� ������� �������� �)*����

��<; :�J�2K# 3�E�	 �E? �E#	 �$E�	 6�i? !� 6	 D���h 

!���- �\�	 	��]�
[,E# ��	�# 6��-���� � A	�E; 6���	�E��h�-

 6�i? !� ��= �W � 	 E/# !E? �H�"�4�F6�Ei? �� !� bE1�<; 

	���h�-6b��M; �5�.���? ,�"�Y S14P � ,E�%	 �<# �� x�

z��# ����-	 $�� � �<# :� !? t��1B� �M; ��E� b� .SE�	 �E?

 ,# 	 6�i? !� 6����2��	 ��% 6H�� !^�V H	 A	�E; }��E�-

 H	 b^�Y 3�1B 6�i? �� 6����2��	��5 .S�	 H	 D��c��	!���- 

5 � �2OW	 �1/? 8�M��<# ��7-	 A�#H D�4W� >W�$�	.

8�E^ !E? A�E��� ,�E^	 $E�� � LE���# $=�� �C	

( )yfu =6�W��E�	 LE���# 6���=�E� � ��E� !E�%�C ��- � 

A	�EE; ,EE# ����EEC �EE�4# �cEE^ �EEO�� 6	 !EE�<" 6�EEW !EEc"�#

u,v,w ′′′�p′	 # LE���# �����# !? � $=�E� 6�EW !Ec"�

�2% !%�R	 @5	�E; A�E��� 6	�E? |5��E�	 ����- 89��i# � �

��Ih�- S�]O�����5.D�EC�W 8�E��2��	 u,v,w ′′′�p′!E? 

:P�5 ,%�5 DH	�-	 �-�� ��%)!���- �	���h ,ZV (mE;	�# �

��� ��EEE�-G {�EEE_�^�Y H	 ,EEE��- vu ′′�wu ′′�
x
uu

∂
′∂′�

x
v

u
∂

′∂′,��h @2P b?�B � ]1P�- �1/? ��? �4W	�V]�)[.S��? 

m1;�; E��2��	 89��i# H	 L���# 89��i# A��5 @5 H	 |h,

�|5���	 ����-89��i# ��H �4�G �# $�� !?:

)�(









′∆+υ=

∂
′∂

ρ
+

∂
∂

ρ
+′+

∂
′∂

+
∂

′∂ u
yd

ud
x
p1

x
p1

yd
udv

x
uu

t
u

2

2

)�(v
y
p1

y
p1

x
vu

t
v ′∆υ=

∂
′∂

ρ
+

∂
∂

ρ
+

∂
′∂

+
∂

′∂

)�(0
y
v

x
u

=
∂

′∂
+

∂
′∂

�O��= b#�5 f�2# 
tD

D?!,# v��i; ��H 8�^���:

)�(
y

v
x

u
ttD

D
∂
∂

+
∂
∂

+
∂
∂

=

�? !\4�	 ��% 8	�11K;c"�#XxL���# $=�� ,4i� �u�LE�% 

!?y���? !�/?	� 6�EW !Ec"�# �
x

,
z ∂

∂
∂
∂A�E��� A	�E1# � 

�c^�� ,#-�.

���=	 �?!���- �\�	 	A���� A��? 6�i? :� x�� � �� S1O-�1# 

IY �? 89��i# D�O��� H	 �2% w!�D�E#G $E�� �E���i# !E"

 �����# $�� !? ��H 8�^ !?��G]��[:

)�(
)

y
u

x
v(

yd
udv

)
y
u

x
v(

x
u)

y
u

x
v(

t

2
2

2

∂
′∂

−
∂

′∂
∇υ=′−

∂
′∂

−
∂

′∂
∂
∂′+

∂
′∂

−
∂

′∂
∂
∂

$�	 J�22��	 �	�? ,�	��; !"��i# !�.!? !��; �? �:

)n(0
y
v

x
u

=
∂

′∂
+

∂
′∂

#$��- A	�; ,:

)�(
x

v
∂
ψ∂

−=′

y
u

∂
ψ∂

=′

!5)t,y,x(ψH	 �]� �� A�E��� ~?�E; E��2��	 !E? � $E�	 ,

�H 8�^,# v��i; ����:

)�()]tx(iexp[)y()t,y,x( ω−αφ=ψ

6	]O��� �?)o(�)�(?!@��G ,# $��:

)�(ξ∇ν=
∂
ψ∂

+
∂
ψ∂

+
∂
ξ∂′+

∂
ξ∂ 2

2

2

yd
ud

xxx
u

t

S�	 � !5!"��i#:

)��(
y
u

x
v2

∂
′∂

−
∂

′∂
=ψ−∇=ξ

$�	 D�� ��%.WS1E4k� EO��� �E? �	I)�(�)l(�!E"��i# 

!M;�# b1/-	�c����J�E2��	 !4#	� 6	�? ( )yφ�E�H T�E� !E? �

��� ,# !71�-:

)��(

d d u( u ) ( )
d y d y

i d d( )
d y d y

ω φ
− − α φ − φ = −

α

υ φ φ
− α + α φ

α

2 2
2

2 2

4 2
2 4

4 2
2

( )yφEEE4#	� �XJ�EEE2��	 A�EEE��� ~?�EEE; 6	�EEE�# �	$EEE�

�L��.#ξ���-,�	��;�ω|-�5�%!��	H�]� :� J�2��	 �α

8���2��	 ��# ��= �-	.α�? !"��i# 
α
π

=λ
2��E# ��EU !E? 

��� ,# x�?�#.



��� ��� ������	
����� ������� �������� �)*�

!"��i# S�	 ��- !?��%�#���	 3�E�	 � D�E� !�V�4� !E���- 

	���h6	 ��IEh�- @�	�E; ��EW D�E� � �	G ��EW !E�9 ,ZV

 �W� �# b1�2;.E? �? !��E# � !E5 ~E��# $=�E� 6�1C�E5

 r��1- L�� � $=�� 	��# f1�<; S�	 ,?�.�-	$�	 ��EU � �

E? �E�H �Ei? A��E? b\� !? ��%�#�� �	 !"��i# �~��# !$E��

,# ��G:

)��(

d d u(u c)( )
d y d y

i d d( )
R d y d y

φ
− −α φ − φ = −

φ φ
− α +α φ

α

2 2
2

2 2

4 2
2 4

4 2
2

S�	 � !Z?	�-	 D�� �i? A��? ��H 8�^ !? �W�1K�# ���; :

)��(
D
yy~=�

oU
cc~ =�

oU
uu~ =

�
D
xx~=�

D
~ φ
=φ�

υ
=

DU
R o

D.~ α=α

$#�= ��-G �� �? !� ,��W�1K�#~	�E�# �$E�	 D�� !��	IC 

$E�	 �E1K�# A��W D�� �Y	� !? b��M; 	��# �� D�� �i? A��? .

!"��i# � �"�)�
(!? S�	 H	 |h ��� � ���� !%�^ ��4#

 �	���EV �EW�1K�# �� �E? $E#�= SE�	 S��	IC H	 �J�O-

,# ���? ��-G ���c# �11K; ��4# !�4�	 A��? ����.

�89��i# S�	 � ir iccc += AG � !�
α
ω

=c,E_i? � �E� 

~��# �4-�# ~�	�#]��[�? !"��i# 
α
β

=c,# v��i; ��� !5c

L��.# $=�� H�% J�E2��	 ����-	 �D,"�EU XEq.2# t�uE#

 �	�? $=�� r��1-!-	���	 w	�U	 � �D�ZB !-	���	$�	 .

<3=9 ���>%� 

,�1�<; 8�^ !? !"��i# S�	 bY A�\#	 ��= $�= !?)� �EO#

 y�EV �	�#(E��<# ���.# A,iE� vE� D�E5 �E? :E� �EW �E-	 

D��? E/# SE�	 bEY !? v��.# 6���� H	 6�1CF�E-H	��g? !�.H	

,# ���� S�	 !��� ���- D��	 ��H �	�# !? A	�;:

v"	 :��6�� ��?�7; 

{:,?�;�h J� )Shooting Method(

�:J� 9e$1��	 J� ��]�)[�

�:,c1U 6����.

v"	 :�J�,?�7; �H9 8	]E1�7; � $EB� !E? ,?�E� $E�� 

!E5 $E�	 D���E/C �E�-G ,E�	��	 b��E/# � D��? 	��� �1/?

 Q�R�#�^	,$<; !i"�Z# �1`�; 8	]1�7; S1#�; ��1C ,# 	�B.

vE��� H	 D��c�E�	 ,E�Y !5 $�	 3�/Y �7-G !? �; !"�/# S�	

 �E11K; m��# �6H�# !�9 � ��1� 6�W�1K�# >74� 	]?	 S��; 

��1O�cEE�G $EE���; !EE1Y�- A�EE� ��\P�EE5 � ,EE-	�<? H�EE"�4�

,# ���C .� ��1O�cE�G $E���; H	 ,E��- 6�EW !?	��C !71�- �

S1��h �WH�"�4� � �; � ���IEh ,E# ��7-	 �;9�? 6��/-�5�% .�

~�	�#]�l[�]�n[�	�# ,E?�7; 6�EW D�	� H	 6�1E/? 6	�E?

 !EE5 �	� ��EE�� y�EEV 6�EE�-���� !EEi"�Z#�EE�-G J� �EE? 

$�	 D��? �/1# ,W�O2��#HG .

{:J� �,?�;�h �	 !"��i# �+��%�#�E� !E"��i# 6�	�Ei; !E?

,ZV φ=φ Ay� !E5 ��E� ,E# b��M; b\E� !E? ,E/��;�# 

$�	 J�O- b?�B ��H 8�^:

)��(





















φ

φ
φ
φ



















−−

=





















φ

φ
φ
φ

∂
∂

4

3

2

1

4

3

2

1

0)c,y(a0)c,y(b
1000
0100
0010

y

!EEEZ?	 SEEE�	 �φ=φ1�φ′=φ2�φ ′′=φ3�φ ′′′′=φ4

�-	 D�� ��%.

?	 !:� 3�Y �? m1;�; S�	��# 6	�? cH�E# �� H	 ,E\� H	 �

H��G bY !?D��5 >1h ��� H�# $�� !? ��-� ,#}���- �E?!

	 f��U S�	 H	 D�#G $�� H�E# L�	�E� �E?6��� ���E��# !E5

�$�	 ,# !/���# �445.AG �4�	�% S�	 ,# 	�\; �B �; ��� bEY

 �? [�EMZ-	 � ,-	�.�W 6H�# L�	�� �E��? !�E�	� .J� �E-	

6�;�5 !M;�# ��t9�E�i# 6	�E? � bEY ,?�E;�h J� D��c�E�	

,# ���.,?�;�h J� � �7�E/� :E� !E? DpE�� ����E�# 6	�? 

�	� H�1- L��.# �	�=	 !<c^ .� �����# 6	�? �C	 6��E��Y DpE�

 ����? j]? H�"�4� ��= �C	 �� ��2- D�H m��4# ,?�E;�h J� 

$�	 !"��i# S�	 bY 6	�? 6	��� J� .

� ��� ,�1V J� S�	 A	�; ,#$E�� 6	�E��h !? $E%�� .E?!



��� ������	
����� ������� �������� �)*����

b1"� S1�W ���� � 8	�1��; 6	 Dp�� 6bEY !E? A�1� 6	�? 

�\2# ~% � !"��i# 8!�		 D��$�	.B�= !A	�4#,#�E4-	�;

 8��1�<; !=��7# !?�1E���# !Ei�	�# �;�E��41# D�OE2-	� H	 

�445[16] ��	� ���� ]1- 6�O�� ~�	�# �]�o[.

�:�J�9e!J�E2��	 ��E# X4#	� 6	�? D�#G $��? �����#

 � ����E�# SE�	 �E��? � $E�	 H�E1- ��# A���� �1/# ��U �

 �4E��? $��.�EO�� 8�EM= !E? $E�	 �H9 8	�E11K; $�E/B

 |-�5�% ,#�W�#!? $M/-A�\# ���? ����#.

J� S�	 ,�^	 ��% XEZ�- S��	� $�� � IEC Q��E�	� 

,E�B� �$E�	 :P�5 J�2��	 �? ,-	�<? H�"�4� !E50i ≠α

)J�EE2��	 |-�EE5�% ,#�EEW�# $�EE/B LEE���# v"�EE.# �cEE^

���?(.�J�2��	 X4#	� !? 	IC !Z�- �; m��ER �? �J�2��	 9e

,# $���; ��� .

fEE1�<; J� SEE�	 �EE? � 8	�EE11K; 6�EE/\� � �	� !EE#	�	

 8�<1<q; ,�MB 8�i"�Z# �? D�E� ��7-	 J	]EC ~E�	�# � �

��-�� ,#]��[.,W�ECG !? H�1- ��V bY S�	 H	 D��c��	 A�P �#	

 E? X�E^�% � 6	�E��h�- }���- H	 ! H	 |Eh ,E^�qV H�E"�4�

 ,Ec1U J� �E? !/���# � 6���5 !��; ��	� ,-	�<? )� !E5

 !�		 	 f1B� bY �	�# ��21?,#�445 (��� ,# AG !?.

�:�	 XE"��i# bEY 6	�? ,c1U J� H	 !"��# S�	 �+��%�#�E�

 ��� ,# D��c��	 .6�E� H	 D��c�E�	 S�ER D�E� !�		 J� �

 ~?�; 6��	]# H	 �,��41/5 6	 !��� �4P J� � !5 ,���-9e

,# D��c��	 ]1- �$�	 !�% �\? ���.

8�E^ !? � ,;�M��<# 8�-�\#	 H	 6�1C D��? �? 6�� f1�<;

 ,c1U J� �? f?�Z# 6��= ��E7-	 $E�	 D�E� .J� SE�	 �

 b\EE� !EE? � ,EE\1\c; 8�EE^ !EE? ��%�#�EE� �	 !EE"��i# 	�EE�?	

 ��� ,# !���- ,/��;�# .;�# b\� :E� �E? fMZ4# !5 ��H ,/��

/#F,# !71�- � $�	 !�%�� @1�i; Dp�� 	��# X��W�:

)��(( ) 0BcA =φ−

!"��i# S�	 �:

)��(






















′′+α+

α
α

+









−

α
α−

+
α

= ijij
2

ij

4
2
ijijij

2
4
ijij uuI

Ri
DuI

Ri
2D

Ri
1A

)��(2
ijij

2
ij DIB −α=

φ� Dp�� 	��? c$�	 Dp�� 	��# .

�� 6	�? ���? A�45	 |��;�#A�B�	��# ��φ�c!ME��<# 

�-�� .

/��;�#6�� A�Bb#�� ��W�1K�# ,# ��H �-��:

��= ��#α�H�"�4�R��O��=6�W f�2# v��.# m;	�# �4-�#
2
ij

4
ij D,D�$=�� r��1-�iju�$=�E� r�E�1- f�2# iju ′′�

!\� |��;�#ijI.

6	�? S�	�?�4? 6��/��;�# S11i;A�B!? H�1- 6	�? 	��# S11i;

 �.# m;	�# 6�W�O��= AG f�E2# � $=�E� r��1- � f�2# v�

$�	.���? f�2# v��.# m;	�# 6�W�O��= 	 3�E�	 �? 6�E� 

!5 ,?�.�-	 J� �6	�? ,# D��c��	 m���; vE��i; ���� ��E5 .

$=�� r��1- H	 S14k�W A�E��� !E? x�E?�# !� AG 8���2# �

�$�	 ��- ��#��� ,# D��c��	.

?3��'@ A%� �. B��C*� 

�? f1�<; S�	 � ~?�; m���; 6	φD��c��	 3�41/5 ~?�; H	 

,# ��� .? �~?�; S�	 {�.�-	 !L�	�E� ,��ER	 ��V $"�Y $�=

 L�	�E� ��E�=	 6��1C�E1k1h H	 6	�E�# �E; �$�	 AG � 6H�#

� �?�� >W�5 6H�#]��[.

? v� ,MP 6	 !��� �4P 6�� 	I" !~EB	� � !E5��H 8�E^

!��% 6�� �? fMZ4#,# D��c��	 �$�	 ,��41/5 ���:

)��(∑
=

η=φ
N

0n
nn )(Ta)y(

)��()cosncos()(T 1
n η=η −

)��(N..........,0i=





 π

=η
N

icosi

; 6	�?��D��c��	 �#�i; $1^�V H	 m�D��5 E? ��H 6���M/- �!

��G ,# $��:

)��(
( ) ( )

jij
1

1 2

ji c
2

d
1

TT π
δ=η

η−

ηη
∫−

!EEEE5 �EEEEC	1ii =δ�EEEE��? �$=�EEEE� �#�EEEEW�# !EEEEc"�#

�J�2��	1ci =�C	 � $�	 0ij =δ����? 2c0 =,# ���.



��� ��� ������	
����� ������� �������� �)*�

,# !E��� �E4P !�1E�� !E? 	 ~?�E; 8���2# A	�; 6	( )ηnTE? �

m�	�R !��� !? !��� w��V	nav��i; ��5 .m�	�R A�P

 !�V�4��-�-	 $�	 �; D��� ���	 !��� �4P H	 6�1O��2# �.?!�W

,# ��Y 6���	 !��� �4P m�	�R A	�; vE� ,MP �1.E2; 	 

$ME/- ����E2# �O��= � D�� D��c��	 ,�^	 m�	�R !? � D�	�

�	�:

)��(( ) ( ) ( ) ( )
N kk

i j j iij
j 0

D a T
=

φ η = η∑

f�E2# �EO��= 6	�E�	 �E? �E4P �E? ��;9�? m;	�# 8���2# !E?

 ��H 8�^?!�G ,# $��4�.

)��(( )kk
ij ijD D= 1

!��� �4P � ,-���h x��- f1MZ; 6	�? ~E?	�; fMU �v� ,MP 6	

 j	H�	 � ,41/Y �m1" 8�C L��; !5 ��H 6�O"	 H	 ��4���5

?!!\ME� ��- �;�E?�" +3�EC !E�		 D�E� ,E# D��c�E�	 ����E� 

6] �[11 . fE1�<; 6�W�1K�# �? m��4�# ��11K; ,5�-	 �? �O"	 S�	 

? �R�Y !��� ,# v��i; ��H 8�^.

)��(N�; 0jiD
6

1N2D 1
NN

2
1
00 ==−=

+
=

)��(Nj0,ji <<=( )2
i

i1
ii

12
D

η−

η−
=

�C	 ji ≠����?1ci =�2cc N0 ==�!"��i# 8�E^ !?

,# !^�V ��H !5 ���:

)��(
( )
( )iji

ji
j1

ij c
1c

D
η−η

−
=

+

6�EE� !EE4#	�vEE� ,EEMP �f�EE2# 6�EEW �EEO��=�!�EE^�% 

{ }1,1−=η�-	 D�� v��i; .:E� LE��; !E5 $�	 �H9 |h

 -	 $=�EE� r�EE�1- ,EE\�]1% !EE4#	� �b��EEM; ~?�EE; ,EE4i� �,?�EE.�

( )∞∞−∈ ,y,;�M��<# !4#	� !? 	 ( )1,1−∈ηb��M; @1E45 .

b��M; ~?�; H	 ��4# S�	 6	�?





 ηπ

=
2

tany,E# D��c��	 @1E45 .

� �b��EM; ~?�E; vE��i; !? !��; �? f�2# 6�W�O��= !71�- �

,# !���- ��H 8�^ !? ,;�M��<# !4#	� ���.

)��(( )yf=η

)��(( )f y
y

∂η ′=
∂

)��(( ) ( )
y

DyD 1
ij

1
ij ∂

η∂
η=

)��(( ) ( )ij ij ijD y D D
y y

 ∂η ∂ η
= η + ∂ ∂ 

2 2
2 2 1

2

)��(( ) ( ) ( )ij ij ij ijD y D D D
y y y y

 ∂η ∂η ∂ η ∂ η
= η + + η ∂ ∂ ∂ ∂ 

3 2 3
3 3 2 1

2 3
3

)��(

( ) ( ) ( )

( ) ( )

ij ij ij

ij ij

D y D D
y y y

D D
yy y y

   ∂η ∂η ∂ η
= η + η +   ∂ ∂ ∂   

  ∂ η ∂η ∂ η ∂ η η + + η   ∂∂ ∂ ∂   

4 2 2
4 4 3

2

22 3 4
2 1

2 3 4

6

3 4

 

�O��=D� D��? �1O��2#�!�^�% { }y ,= −1 1D�E� vE��i; 

$�	.LE��; A	�E; ,# m1;�; S�	 !? 89��Ei# ��E�=	 �E? 9�E? 

1% !4#	� � AG 8���2# � $=�� r��1- �E�-G 6��"��i# !? �,\�]

$%�� $�� v� ,MP 6�� !4#	� �.

D3A%� �"�EF 

�E? !/���# A�\#	 ��7�	 ��4# !? � r��1- {�.�-	 !�Y�# �

 ��<# 8��1�<;�A�O�� J� � 	 ,�?�2# f1�<; �; �� ,i� �

? ,c1U !!/���# AG �? 	 f1�<; S�	 6��.��h � D��G $��45@1.

�4# S�	 6	�? !5 !k-G ,E�1�<; �$E�	 D��? 3���� b?�B �

 �4�1E� $E2h � $=�E� r��1- b1�<; � $E�	 A�E\#	 !E5 �

E��<# �E? �E\# 8�EM;�\# �E? {�E�Z# !E71�- !E? A�1��AG A

��Ig-�\#	��]�n[.��Ei�# ,E^�qV 8�EM;�\# �]�*�E;

[�

r�E�1- {�E.�-	 �? � �;���41# D�O2-	� ,�-��4�	 $��� H	 D��c��	

 4�1E� $2h � $=�� ~E��# LE��; !E5 ���bE1�<; 6	�E? 

,W�OE2��#HG � 6��E= }���- �? !/���# � � $�	 D�� D��c��	

 � bE1�<; !E? �$�	 D�� �1��; ��i�# �	�# 6	�? ��-G $<^ !5

E? 6��.E��h !E5 �E� !E�V	��h D�� !1�; !#�-�? $<^ A�#HG !

$�	 !��	� b#�5 [�MZ-	 �5I# }���- �? D�#G $�� .b\�)�(�



��� ������	
����� ������� �������� �)*����

=+>53��	 
�� ��� �. �$�� G�H'* I��� ,��F ��. 
� ���(	 J��C* �� K'6�	 ��� J��C* 
 ��6� 

? ,u4V 6	���h 6��14<4# !/���# !�4�1E� $2h � D�#G $��

 ~��# � �R�Y J� 6	�?����E� ,# D��� .!E/���# SE�	 �

 ? !71�- !? �D�#G $�� !!E71�- �E? b#�5 [�MZ-	 $�= !E? �~E��#

�-	 D�� @� AG w	�U	 � D��� 8�^ .

�!E#�-�? ��E\��= $<E^ H	 A�E41�U	 ��qY H	 |h �	�E? 

��O�� A�#HG !<cE^ $E2h 6	�E? �i? A��? $=�� r��1- :� 

�� {�.�-	 $.; :

)��(

01.04.0
D
y6.0Tanh3.1

4.0
D
y6.0Tanh3.1

U
u

0

+







+






−









−






=

���Eq; � D�E� D�	� A�E2- r�E�1- �E? ,�#�E5 [�MZ-	 !5��+�

~EE��#]�)[,EE# � �	� A	�EE; 	 ~EE�H�; SEE�	 b\EE� �)
(�

b\E� � 	 !<c^ !? $M/- AG 6�1C 	�B $1iB�#))(S1E�W

 !"��# D�W�2#��5 .XME��<# 6	�E? $=�E� r��1- X"��i# H	 D��c��	

 �# 8���2# ��W !M; $E�	 ,Ec1U J� H�E1- ��E# vE��.# .SE�	 

!"��i# �	�? 8���2#)))(?!8�^89��i# ��H 71�-,# !�-��:

��� � ��	 XM;�# 8���2#:

)��(

2
0

2

du yU D 0.78 Cosh 0.6 0.4
Dd

y0.78 Cosh 0.6 0.4
D

    = − − +   η    
  +      















+
















+






+















−
















−






−=

η

4.0
D
y6.0Cosh4.0

D
y6.0Tanh936.0

4.0
D
y

6.0Cosh4.0
D
y6.0Tanh936.0DU

d
ud

2

22
02

2

)��(

X"��i# �? D	��W 89��i# S�	)�l($E���; XE�Z4# S�%�E� 6	�E? 

8�-�EE��- 6	�EE��h�-J�EE2��	 � !EE�9 6�EEW$EE�	 ,%�EE5 �	G .

�? :� L��; ��H9 6��= 8�M��<# !E#�- !E-��	 6	�E� ��E7-	 D

$�	 .� !#�-�? S�	 A�;�% ,/��- !#�-�? L1<# !���- �E? � D�� 

D��? H	 6�1C���E�H 8�Ei%� !E? �	�E5 �EW !E5 ,�5 !#�-�? ��H 

,# ,-	�V	�% 	 6�O�� 6�W !#�-�? /# S�	 ��445F	��� �1/? !�

bY ,R��$�	 D��]��.[

!5 $�	 �5s !? �H96	�? E/# bEY FE�# X�@1E�i; DpE�� 	�

 !E? ,R�� m��4# 6�W�5 �� �W	]%	 ��- H	 D��c��	 !? H�1- �!�%��

 A	�4=Solver ,E# !E5 $E�	 H	 A	�E;Matematica �Matlab �

Maple �Algebra �Lapack D��c�EEE�	 �EEE5 Q	�EEE-	 H	 �EEE� �� 

D��c�E�	 �E�4# SE�	 6	�E? D�� D�	� J��/C 6�W�5 � ����

��5.]
[�]
)�;
n[.�E/# bY 6	�? �R�Y f1�<;F	�E�# X�

!EE#�-�?��H H	 DpEE��ZGGEV 	]EE%	 ��EE- � ��EE��# Lapack 

D��E? �E/1# AG !E#�-�? S�# !? ,����� 	��H �$�	 D�� D��c��	

$�	.



��� ��� ������	
����� ������� �������� �)*�

=+>73G�H'* �>�� 
�; ���F �.��	 
�� )� ���
L.�&� !)<<(

=+><3G�H'* �C0�- ���O ,"�* ��	 
�� )� ��� ���F 

P3Q�� % I��R&H� 

��<# 6	�? �<? H	 $�/B S�	,-� $E�	 SE\�# !E5 $�	 

B�=!�4E��? ,;��1�<; S14P X#	�	 !? �4# .SE�	 6	�E�	 XE#	�	 �

 ,i� f1�<;��XE�9 � $=�E� r�E�1- 6	�? J� S1�W !5

? ]1- $.; !<c^ 6� �	G 6H�# !,;9�\E�	 �E? !E5 �� �E5

!�	�# ��.!E? !E5 ��E? b��EM; ~?�E; {�E.�-	 � ��\E�	 S1"�	

 {�E.�-	 ,EZV b��M; 8�^ ��E? D�E�]
o[.SE�	 D�E�= �E#	

 /# 89�\�	F� $=�E� r�E�1- � ,-���h x��- �����# f1MZ; !�

 ��EM# ��1�Y	 �H�1- ��# $B� ��7�	 6	�? !5 $�	 ,?�.�-	 J�

 �	� DpE�� 6��U�E� � ~?�; 6�	�i; 6�1C�5 !? � !�		 !?.SE�	 

? Q�R�# !�.2# 	 >��V $1�W	 ,-�#H Dp��,#�45 !E? !5

? $�= � ,�^	 ���c# !��E� !E��; ,-�E��h x�E�- 6�1C�5 .�



��� ������	
����� ������� �������� �)*����

6	�E? ,EW	 ��E7�	 � Q�ER�# SE�	 �1ER�; ��]E" !E? �4? �74�	

 �q�.# 6	 D��	 D�4�G 8��1�<;,#���.

!E? � J� SE�	 � ����E� v��.# Q	�-	 H	 D��c��	 $�= !?

B $�= �� ~Z ��W !�!M;�# H	 6��N!E5 $E�	 �H9 ��Ei? !?

S11i; A�4P ������ m�	�R�-�� ,��E��-	 � ,�	�E�?	 ����E�# !5

)�4�E/W ,-�E��h x��- !? w��i# !5(LE��; ���	�Ei; � ~E?	�; 

6��U�� !? x�?�#-G��fMZ4# ,iB	� �����# �? ��-��.

A�E2- 	 >��EV ��E21? $1E��/Y ,-�E#H @W H�? Q�R�# S�	

,# !��; !5 �W���� E/# :� bY 6	�? F!E? ,E\�]1% XE4#	� �!�

4#	�EM��<# !Ei# !5 ,;�EE\P�5 �1/? t9��EM; �$�	 ��EE� b��

 ��� $��O- .,E# mE��# ��V X?�- !? Q�R�# S�	 !5 �E; ��E�

 �1E/? �1`�E; �,-�E��h x�E�- L�	�� ���=	 � ,��ZV S���\P�5

1% !4#	� � AG 6�4i# � bY b5 �? D���/C���? !��	� ,\�].

bE5 H	 D��c�E�	 �bEY J� SE�	 H�? ,Cp�� �O�� 6�� H	

 H	 :E� �EW � !ME��<# ��E7-	 6	�? �!4#	� � D�� S11i; x��-

 x��-$�	 �8�E�1�<; H	 6�1E/? � �E; $E�	 D�� m��# !5

,�1�<; bY S�]O������ .!E5 �?�� ,# f�<; ,-�#H �#	 S�	 �#	

 /# 6H�# L�	�� ���=	 �F!? !� � S#�E1- 6H�# L�	�� 8�^ 

��E7�	 ,��EZV �,-�E��h x��- !? x�?�# ~?	�; � L�	�� ���=	 �

-�2!E4#	� bE5 !E? �ZV S�	 �,��ZV S���\P�5 ��7�	 �? 	��H ��

�?�� ,# J��/C.

6� r��1- 6	�? ,M��4# ,-���h x��- �; ��? �H9 m1;�; S��? 

���=	 � {�.�-	 �$.; !<c^����? � !5 Dp�� !?/# ,�F!�

�$�/B S�����/Y $.; !<c^ 6� 6	�? ,u4V 6	���h

~?�; �? $��O- � !5 $�	 �c^ ,\�]1% ,�	��?	 !Z�- ? b��M; !

�? D�� !�%�C �5�+,# fMZ4# ��� .,i?	�; !=��7# S1? �

��<# �O�� L��; !5���# �$�	 D�� !�		 ��4# S�	 6	�? A

�	 D��c��	 b?�B? �H9 � �2- $%�� !5 ����	�i; ~?�; S�	 6	�?

 ���421h $"�Y������C A�<�#	 v��.# 8��� H	 AG ,��� �.!?

	IC	� �O�� !"��# !? ~?�; S�	 !�		 b1"� S1�W��J	]C H	 �

,# 6	���V $.; !<c^ 6� r��1- 6	�? ���.

�$E.; !<cE^ $2h � $=�� r��1- �	�? D��c�E�	 �E? H	

!"��i#)��(b\E� �E� �)�(�6	�E? 100N =6	�E��h ,E4<4# 

b\� f?�Z# ,u4V)�(?!D�E#G $�� $E�	 !E5 �Ec1� �E�- H	

 $"�Y S�	 6	�? ,M��4# !71�-$�	 .,E# ,?�EV !E? ��E�� A	�E;

 D�E� ��7�	 :��<; �7-G � !5 6	 !Z�- S1"�	 �E? �E-	�; �E# �

���� D��]%	 ���<; !4#	� �31.2Re rc =$�	 |-�E5�% !5

!U�?�# �E��<; S�	 !?002E98.9r rc −=α,E# ��E� .�EW

 ��7�	 !Z�- S�	 H	 bMB !5 6�O�� :��<;��� !E? � AG X4#	� �

��E? �W	�V 	�1# �!��	IC >W�� !? � .�EC	 mE1;�; S1E�W !E?

 6H�"�4� � |-�5�% �? ,\��<; bEV	� � !� 6	�E��h ,E4<4#

,u4V ���1C �# 	�B ��7�	 ���� 6	�E��h�- !E? � D�� $���; �

��7�	J�2��	�45 ,# :�5 .

>�	]E%	 8�ME��<# S�	 $B� S\�# �Y �; $�	 D�� ,i�

�?�� .E? ����E�# !E1�5 ���	 S1�W � !8�E^ v=�E_# $EB� 

$5�� 8�M��<# � � 6H�� D�1VsD��5 ��-	 $EB� H	 D��c�E�	

 ,# :�5 8�M��<# 6	���h �cY !? v=�_# �45 .�EW ��U �

 	��# 8�M��<# H	 D��iC�L��E.# $=�E� ,#�W�# $�/B �

$?�` 6	��# $�� !?)m-�7# (,E# b1# �E45 .$EB� H	 D��c�E�	

,EE# mEE��# v=�EE_# ��	�EE=	 A��EE5 ��EEC !EE71�- � !EE5 ��EE�

	��#iC$�E� !E? t�����- � �4\- >�� m-�7# �O�� $�� !? 

���41? �4\- {�i2-	 !? Q��� $.L��; v=�_# $B� H	 D��c��	

�-�;)�n(��E# ]E1- !E"��# SE�	 8�ME��<# � � D�E� !1E^�;

$�	 !�%�C 	�B D��c��	 .

:� H	 D���h S�	 6	��	 �!-��	 ,q.� Pentume IV 

2000 Full Cache$�	 D�� D��c��	 .�? �R�Y ��Y � !P�C	

DH	�-	 6�1C ���-�#HG ��7-	 �,?�7; !? A�1� A�\#	 ]C�W

 !"��# S�	 � D�� !�		 $B�%,�- @W	� ��� !5 $�	 ���? �#	 �

6	�? 6���B� !? ,?�1��� ��Y S1= � � $B� � ,��� !%�^ 

@�/1� H	 D��c��	 �? ���21?!-��	 �� 6H	�# 6�W!-��	 ��# 6�W

 ��7# bY��� ��7-	 .b\� �)l(,# ,?�V !? H�"�4� A	�;

<? D�W�2# 	 ,-	��5�.u4V 6	���h ,4<4# ���q; S�	��,-�#H 

6	�? 	$.; !<c^ $2h r��1-,# A�2- ��W� .S14k�W �

\�Eb)�(/BE,�	��?	 $�)!��#� (�W 6	�?E,4<4# S1 >���- 



��� ��� ������	
����� ������� �������� �)*�

=+>S3��	 
�� )� ��� ���� ������� ����� 

=+>T3���CH O 
'L%� )
U��. (��	 
�� ��� G�H'* ���� ���� ������� �����  



��� ������	
����� ������� �������� �)*����

=+>V3I�WE�L"��� �. :�>��CU� X*�Y�0 E� ���F IE�� 
�; ������� �'&��	 

��	 
�� ��� !Z#C�� 

$�	 D�� D�	� b\� �)n(�Ei? ,? H�% ,�1�Y $�/B 8	�11K; 

6����/B � � r��1- S1�W 6	�? 	 D�� !1"�	)!��#�(A�2- AG

,# �W� .$E�	 b\E� :E� !E? �M���; ��\�	 !�W �-� .,���E?

 ,4<4# ,�V	� $�/B � AG 8�q.2# !5 ,O�c�G �W !5 $�	

 :E�5 $E4"�?�; !E? 6H�E# X�9 	IC !? � �$���; ���1C 	�B

,# q.2# !k-�4P � �45EE\�]1% 8�E� !Ei"�Z# ��E# XEZ�- ,

A��1? X4#	� ��1C 	�B ,4<4# �� �W	�V v1i_; AG .6� x��-

,# A�2- 	 ,u4V $���; �,4<4# �W�.

[3
('C* I�'- 

�	 89��Ei# bEY �	�E? v� ,MP ��� �f1�<; S�	 �+

!E? ��B 89��i# S�	 !� $�	 !�%�C 	�B D��c��	 ��# ��%�#��

 �	G ��EW !E�9 � �EZV ���<; J��/C ,O-�OP �41? >1h

,# ���? .�? ��# ��?�� $E2h $=�E� r�E�1- �	 :E� ~EZ�#

 �!-	���	 �$�	 D�� >��#HG]�n[.}���- SE�	 H	 D�E#G $E�� !E?

 J� H	 D�E#G $E��? }��E�- �E? ,?�EV �1E/? � fE1B� [�MZ-	

 �-	� >��#HG .J� S1�W t	��7# $2h � $=�� r��1- �	�? 

!EM;�# 8���E2# � $=�E� ~E�H�; f1B� L?	� !� $.; !<c^

 �? $�� � AG ��� � ��	 � !E�%�C 	�EB D��c�E�	 ��E# �E-	 D�

 $�	 D�� J	]C !"��# S1�W � AG }���- .J� S�	 H	 D��c��	

 $E.; !<c^ �� $=�� r��1- ��# �)3�E�H�? bEY (�E?

 >EE.? � !EE� $EE2C !EE�	�# ,����	�EE��nSEE�	 ���EE2; !EE? 

$�	 D�� !�V	��h 8��2#.



��� ��� ������	
����� ������ ��� ������ �)*�

]���� 

1. Sommerfeld, A.: Ein Beitrag Zur Hydrodynamischen 
Erklarung der turbulenten Flussig Keitsbewegungen. 
Att: del 4. congr. Internat. Dei Mat. III, 116 — 124, 
Rooma, 1908. 

2. Gary, S., and Helgason R., “A Matrix Method for 
Ordinary Differential Eigenvalue Problems,” 
Journal of Computational Physics, V5. pp 169-187, 
1970. 

3. Drazin, P.G., and Reid W.H., Hydrodynamic 
Stability, Cambridge Press, 1981. 

4. Allen, L. “Fluid Flow Past a Compliant Surface,” 
University of Surry PhD Thesis, 1999. http://www.
maths. surrey. ac. uk/personal/pg/L.Allen/fyreport.pdf

5. Orszag, S.A., “Accurate Solution of the Orr-
Sommerfeld Stability Equation,” Journal of Fluid 
Mechanics, V50 N4. pp 689-703, 1971. 

6. Gottlieb, D., and Orszag S.A., “Numerical Analysis of 
Spectral Methods,” Theory and Applications, SIAM, 
Philadelphia, 1977. 

7. Voight, R.G., Gottlieb D., and Hussaini, M.Y., 
“Spectral Methods for Partial Differential Equations,” 
SIAM, 1984. 

8. Don, W.S., and Solomonoff A., “Accuracy 
Enhancement for Higher Derivatives Using 
Chebyshev Collocation and a Mapping Technique,” 
SIAM Journal on Scientific Computing, V18 N4,  
pp. 1040-1055, 1997. 

9. Dongarra, J. J., Straughan lB., and Walker, D. W., 
“Chebyshev Tau/QZ Algorithm Methods for 
Calculating Spectra of Hydrodynamic Stability Problems,” 
Journal of Applied Numerical Mathematics, V22 N4, 
pp 399-435, 1996. 

10. Fox, L., “Chebyshev Methods for Ordinary 
Differential Equations,” The Computer Journal, V4 
N4, pp 318-331, 1962. 

11. Chebyshev and Fourier Spectral Methods, Second 
Edition John P. Boyd University of Michigan 2001 

12. Squire, H. B., On the Stability for Three 
Dimensional Disturbances of Viscous Fluid Flow,
p9, 1933 

13. Schlichting, H., and Gersten K. Boundary Layer 
Theory ISBN 3-540-66270-7 Springer-verlag 2000  

��.,-�#�5��..”��	 ,��4��5 X#�- A���h،“��/k4# D�O2-	�.

15. Strykowski, P.S. and Sreenivasan, K.R. “The 
Control of Vortex Shedding Behind Circular 
Cylinders at Low Reynolds Numbers,” 5th 
International Symposium on Turbulent Shear Flows, 
Ithaca, NY., 1985. 

16. Marusic, I., Tang, IB. and Had,  R. Rayven, Ch. 
Stability Analysis of a Cylinder Wake, University of 
Minnesota, Pub. AEM 8211 spring 2001 

17. Ng B.S. And Reid, W.H., “On the Numerical 
Solution of the Orr-Sommerfeld Problem:  
Asymptotic Initial Conditions for Shooting Methods, 
Journal of Computational Physics, V38, pp 275-293, 
1980. 

��.�:1���# �/%��h �? A���ci� :�# ,^�qV 8�M;�\#

 D�# sG����.

��.D�# S��? ��-�; ��5� �? A���ci� :�# ,^�qV 8�M;�\#

����.

��.�-�; ��5� �? 6��= ,^�qV 8�M;�\#)�����(.

��.�-�; ��5� �? 6��= ,^�qV 8�M;�\#)�����(.

��.�-�; ��5� �? 6��= ,^�qV 8�M;�\#)�����(.

23. Huang, W., and Sloan, D.M., “The Pseudospectral 
Method for Solving Differential Eigenvalue 
Problems,” Journal of Computational Physics, V111, 
PP 399-409, 1994. 

24. Weideman, SAC., and Reddy S.C., “A Matlab 
Differentiation Matrix Suite,” ACM Transactions on 
Mathematical Software, V26 N4, pp 465-519, 2000. 
http //uc s. orst. eduKweidemaj/differ.html. 

25. Welfert, RD., “Generation of  Pseudospectral 
Differentiaton Matt-ices I,” SIAM Juranl of 
Numerical Analysis, V34 N4, pp 1640-165, 1997 

26. Ng, B.S., arid Reid, W.H., “An Initial Value Method 
for Eigenvalue Problems Using Compound 
Matrices,” Journal of Computational Physics, V30, 
pp 125-136, 1979. 

��.S��? ����? �/%��h �? 6��= ,^�qV 8�M;�\#����.

.


